Abstract. We present a complete list of extremal elliptic K3 surfaces (Theorem 1.1). As an application, we give a sufficient condition for the topological fundamental group of complement to an ADE-configuration of smooth rational curves on a K3 surface to be trivial (Proposition 4.1 and Theorems 4.3).
Introduction
A complex elliptic K3 surface f : X → P 1 with a section O is said to be extremal if the Picard number ρ(X) of X is 20 and the Mordell-Weil group MW f of f is finite. The purpose of this paper is to present the complete list of all extremal elliptic K3 surfaces. As an application, we show that, if an ADE-configuration of smooth rational curves on a K3 surface satisfies a certain condition, then the topological fundamental group of the complement is trivial. (See Theorem 4.3 for the precise statement.)
Let f : X → P 1 be an elliptic K3 surface with a section O. We denote by R f the set of all points v ∈ P 1 such that f −1 (v) is reducible. For a point v ∈ R f , let f −1 (v) # be the union of irreducible components of f −1 (v) that are disjoint from the zero section O. It is known that the cohomology classes of irreducible components of f −1 (v) # form a negative definite root lattice S f,v of type A l , D m or E n in H 2 (X; Z). Let τ (S f,v ) be the type of this lattice. We define Σ f to be the formal sum of these types;
The Néron-Severi lattice NS X of X is defined to be H 1,1 (X) ∩ H 2 (X; Z), and the transcendental lattice T X of X is defined to be the orthogonal complement of NS X in H 2 (X; Z). We call the triple (Σ f , MW f , T X ) the data of the elliptic K3 surface f : X → P 1 . When f : X → P 1 is extremal, the transcendental lattice T X is a positive definite even lattice of rank 2. Table 2 given at the end of this paper.
In Table 2 , the transcendental lattice T X is expressed by the coefficients of its Gram matrix a b b c .
See Subsection 2.1 on how to recover the K3 surface X from T X .
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The classification of semi-stable extremal elliptic K3 surfaces has been done by Miranda and Persson [7] and complemented by Artal-Bartolo, Tokunaga and Zhang [1] . We can check that the semi-stable part of our list (No. 1-No. 112) coincides with theirs. Nishiyama [12] classified all elliptic fibrations (not necessarily extremal) on certain K3 surfaces. On the other hand, Ye [19] has independently classified all extremal elliptic K3 surfaces with no semi-stable singular fibers by different methods from ours.
Acknowledgment. The authors would like to thank Professors Shigeyuki Kondō, Ken-ichi Nishiyama and Keiji Oguiso for helpful discussions. of integer coefficients such that a and c are even and that the corresponding quadratic forms are positive definite. The group GL 2 (Z) acts on Q from right by
where g ∈ GL 2 (Z). Let Q 1 and Q 2 be two matrices in Q, and let L 1 and L 2 be the positive definite even lattices of rank 2 whose Gram matrices are Q 1 and Q 2 , respectively. Then L 1 and L 2 are isomorphic as lattices if and only if Q 1 and Q 2 are in the same orbit under the action of GL 2 (Z). On the other hand, each orbit in Q under the action of SL 2 (Z) contains a unique matrix with coefficients satisfying
(See, for example, Conway and Sloane [3, p. 358] .) Hence each orbit in Q under the action of GL 2 (Z) contains a unique matrix with coefficients satisfying
In Table 2 , the transcendental lattice is represented by the Gram matrix satisfying the condition(2.1).
Let X be a K3 surface with ρ(X) = 20; that is, X is a singular K3 surface in the terminology of Shioda and Inose [16] . The transcendental lattice T X can be naturally oriented by means of a holomorphic two form on X (cf. [16, p.128] ). Let S denote the set of isomorphism classes of singular K3 surfaces. Using the natural orientation on the transcendental lattice, we can lift the map S → Q/GL 2 (Z) given by X → T X to the map S → Q/SL 2 (Z).
Therefore, if a data in Table 2 satisfies a = c or b = 0 or 2 b = a (resp. 0 < 2 b < a < c), then the number of the isomorphism classes of K3 surfaces that possess a structure of the extremal elliptic K3 surfaces with the given data is one (resp. two).
2.2. Roots of a negative definite even lattice. Let M be a negative definite even lattice. A vector of M is said to be a root of M if its norm is −2. We denote by root(M ) the number of roots of M , and by M root the sublattice of M generated by the roots of M . Suppose that a Gram matrix (a ij ) of M is given. Then root(M ) can be calculated by the following method. Let
a ij x i x j be the positive definite quadratic form associated with the opposite lattice M − of M , where r is the rank of M . We consider the bounded closed subset
where +1 comes from the origin. For a positive integer k less than r, we write by
Then there exists a positive definite quadratic form g k of variables (x 1 , . . . , x k ) and a positive real number σ k such that
Hence, if we have the list of the points of E(g k , σ k ) ∩ Z k , then it is easy to make the list of the points of E(g k+1 , σ k+1 ) ∩ Z k+1 . Thus, starting from E(g 1 , σ 1 ) ∩ Z, we can make the list of the points of E(g r , 2) ∩ Z r by induction on k.
Root lattices of type ADE.
A root type is, by definition, a finite formal sum Σ of A l , D m and E n with non-negative integer coefficients;
We denote by L(Σ) the negative definite root lattice corresponding to Σ. The rank
and the number of roots of L(Σ) is given by 
We also define eu(Σ) by
e n (n + 2). 
, then the type of the fiber f −1 (v) is either III or IV. Hence eu(Σ f ) does not exceed the sum of the topological euler numbers of reducible singular fibers, and if eu(Σ f ) < 24, then there is an irreducible singular fiber or a singular fiber of type III or IV. 
Discriminant form and overlattices. Let
There is an even unimodular overlattice of S ⊕ K into which S and K are primitively embedded.
2.5.
Néron-Severi groups of elliptic K3 surfaces. Let f : X → P 1 be an elliptic K3 surface with the zero section O. In the Néron-Severi lattice NS X of X, the cohomology classes of the zero section O and a general fiber of f generate a sublattice U f of rank 2, which is isomorphic to the hyperbolic lattice 
Because W f ⊕ U f ⊕ T X has an even unimodular overlattice H 2 (X; Z) into which NS X = W f ⊕ U f and T X are primitively embedded, and because the discriminant form of NS X is equal to the discriminant form of W f by D U f = (0), Lemma 2.4 implies the following:
Lemma 2.7 (Kondō[5] Lemma 2.1). Let T be a positive definite primitive sublattice of Λ with rank(T ) = 2, and
Proof. By the surjectivity of the period map of the moduli of K3 surfaces (cf. Todorov [17] ), there exist a K3 surface X and an isomorphism α :
the cohomology class of a fiber of f , and Z[F ]
⊥ is the orthogonal complement of [F ] in the Néron-Severi lattice NS X . Because NS X coincides with 
Proof. Suppose that there exists an extremal elliptic K3 surface f : X → P 1 with data equal to (Σ, MW, T ). It is obvious that Σ and MW satisfies the condition [15] ) on the classification of even unimodular lattices, any even unimodular lattice of signature (3, 19) is isomorphic to the K3 lattice Λ. Then Lemma 2.7 implies that there exists an elliptic K3 surface f : Remark 2.9. In the light of Lemma 2.3, the condition (D2) is equivalent to the following:
Remark 2.10. We did not use the conditions length(MW ) ≤ 2 and eu(Σ) ≤ 24 in the proof of the " if " part of Proposition 2.8. It follows that, if (Σ, MW, T ) satisfies rank(L(Σ)) = 18 and the condition (D2), then length(MW ) ≤ 2 and eu(Σ) ≤ 24 follow automatically. This fact can be used when we check the computer program described in the next section.
Making the list
First we list up all root types Σ satisfying rank(L(Σ)) = 18 and eu(Σ) ≤ 24. This list L consists of 712 elements.
Next we run a program that takes an element Σ of the list L as an input and proceeds as follows.
Step
The program calculates the intersection matrix of L(Σ)
∨ . Using this matrix, it calculates the discriminant form of L(Σ), and decomposes it into p-parts;
where p runs through the set {p 1 
Step 2. For each p i , it calculates the set I(
Step 3. For each element
on the finite abelian group
Step 4. It generates the list T (d(A)) of positive definite even lattices of rank 2 with discriminant equal to d(A). For each T ∈ T (d(A)), it calculates the discriminant form of T and decomposes it into p-parts. If D T is isomorphic to D A and q T is isomorphic to −q A , then it proceeds to the next step. Note that the automorphism group of a finite abelian p-group of length ≤ 2 is easily calculated, and hence it is an easy task to check whether two given quadratic forms on the finite abelian p-group of length ≤ 2 are isomorphic or not.
It calculates the Gram matrix of the sublattice
∨ and the pull-backs of generators of the subgroups
2), then it puts out the pair of the finite abelian group
and the lattice T .
Then (Σ, MW, T ) satisfies the conditions (D1) and (D3), and all triples (Σ, MW, T ) satisfying (D1) and (D3) are obtained by this program.
Fundamental groups of open K3 surfaces
A simple normal crossing divisor ∆ on a K3 surface X is said to be an ADEconfiguration of smooth rational curves if each irreducible component of ∆ is a smooth rational curve and the intersection matrix of the irreducible components of ∆ is a direct sum of the Cartan matrices of type A l , D m or E n multiplied by −1. It is known that ∆ is an ADE-configuration of smooth rational curves if and only if each connected component of ∆ can be contracted to a rational double point. We consider the following quite plausible hypothesis. Let ∆ be an ADE-configuration of smooth rational curves on a K3 surface X.
Here π alg 1 (X \∆) is the algebraic fundamental group of X \∆, which is the pro-finite completion of the topological fundamental group π 1 (X \ ∆). Proposition 4.1. Suppose that Hypothesis is true for any ADE-configuration of smooth rational curves on an arbitrary K3 surface. Let ∆ be an ADE-configuration of smooth rational curves on a K3 surface X. Then π 1 (X \ ∆) satisfies one of the following:
(ii) There exist a complex torus T of dimension 2 and a finite automorphism group G of T such that T/G is birational to X and that π 1 (X \ ∆) fits in the exact sequence
Remark 4.2. Fujiki [4] classified the automorphism groups of complex tori of dimension 2. In particular, the G in (ii) is either one of Z/(n) (n = 2, 3, 4, 6), Q 8 (Quaternion of order 8), D 12 (Dihedral of order 12) and T 24 (Tetrahedral of order 24), whence the π 1 (X \ ∆) in (ii) is a soluble group. Mukai [9] presented the complete list of symplectic automorphism groups of K3 surfaces. (See also Kondō [6] and Xiao [18] .) Under Hypothesis, therefore, we know what groups can appear as
Proof of Proposition 4.1. Suppose that π 1 (X \ ∆) is non-trivial. By Hypothesis, π alg 1 (X \ ∆) is also non-trivial. For a surjective homomorphism φ : π 1 (X \ ∆) → G from π 1 (X \ ∆) to a finite group G, we denote by
the finite Galois cover of X corresponding to φ, which isétale over X \ ∆ and whose Galois group is canonically isomorphic to G. Let ρ : Y φ → Y φ be the resolution of singularities, and γ : Y φ → Y φ the contraction of (−1)-curves. We denote by ∆ φ the union of one-dimensional irreducible components of γ(ρ
Then it is easy to see that Y φ is either a K3 surface or a complex torus of dimension 2, and that the Galois group G of ψ φ acts on Y φ symplectically. Moreover, ∆ φ is an empty set or an ADE-configuration of smooth rational curves. We have an exact
Suppose that there exists a homomorphism φ : π 1 (X \ ∆) → G such that Y φ is a complex torus of dimension 2. Then ∆ φ is empty, and hence (ii) occurs. Suppose that no complex tori of dimension 2 appear as a finite Galois cover of X branched in ∆. Then any finite quotient group of π 1 (X \ ∆) must appear in Mukai's list of symplectic automorphism groups of K3 surfaces. Because this list consists of finite number of isomorphism classes of finite groups, there exists a maximal finite quotient φ max :
has no non-trivial finite quotient group, and hence it is trivial by Hypothesis. Thus (iii) occurs.
For an ADE-configuration ∆ of smooth rational curves on a K3 surface X, we denote by Z[∆] the sublattice of H 2 (X; Z) generated by the cohomology classes of the irreducible components of ∆, which is isomorphic to a negative definite root lattice of type ADE. We denote by Σ ∆ the root type such that Z[∆] is isomorphic to L(Σ ∆ ). Using the list of extremal elliptic K3 surfaces, we prove the following theorem. We consider the following conditions on a root type Σ.
Theorem 4.3. Suppose that a root type Σ ∆ satisfies the conditions (N 1) and (N 2). If Z[∆] is primitive in
By virtue of Lemma 4.6 below, we can easily derive the following: 
Lemma 4.6 (Xiao[18] Lemma 2). The dual of the abelianisation of π
Let Γ 1 and Γ 2 be graphs with the set of vertices denoted by Vert(Γ 1 ) and Vert(Γ 2 ), respectively. An embedding of Γ 1 into Γ 2 is, by definition, an injection f : Vert(Γ 1 ) → Vert(Γ 2 ) such that, for any u, v ∈ Vert(Γ 1 ), f (u) and f (v) are connected by an edge of Γ 2 if and only if u and v are connected by an edge of Γ 1 .
Let Γ(Σ) denote the Dynkin graph of Σ.
Lemma 4.7. Suppose that Σ satisfies the conditions (N 1) and (N 2). Then there exists Σ satisfying rank(L(Σ )) = 18 and the condition (N 2) such that Γ(Σ) can be embedded in Γ(Σ ).
Proof. This is checked by listing up all Σ satisfying the conditions (N 1) and (N 2) using computer. 
Proof. This can be proved easily by the van-Kampen theorem.
Lemma 4.9. Let Σ be satisfying the conditions (N 1) and (N 2). Suppose that (X, ∆) and (X , ∆ ) satisfy the following:
(a) Σ ∆ = Σ ∆ = Σ, (b) Z[∆] = Z[∆] and Z[∆ ] = Z[∆ ].
Then there exists a connected continuous family
and that (X t , ∆ t ) are diffeomorphic to one another. In particular, π 1 (X \∆) is isomorphic to π 1 (X \∆ ). We deduce Theorem 4.3 from Claim 1. Suppose that ∆ is an ADE-configuration of smooth rational curves on a K3 surface X such that Σ ∆ satisfies the conditions (N 1) and (N 2), and that Z[∆] is primitive in H 2 (X; Z). By Lemma 4.7, there exists Σ 1 satisfying rank(L(Σ 1 )) = 18 and the condition (N 2) such that Γ(Σ ∆ ) is embedded into Γ(Σ 1 ). By Claim 1, we have (X 1 , ∆ 1 ) such that Σ ∆1 = Σ 1 and π 1 (X 1 \∆ 1 ) = {1}. Let ∆ ⊂ ∆ 1 be the sub-configuration of smooth rational curves on X 1 which corresponds to the subgraph Γ(Σ ∆ ) → Γ(Σ 1 ) = Γ(Σ ∆1 ). There is a surjection from π 1 (X 1 \ ∆ 1 ) to π 1 (X 1 \ ∆ ), and hence
Let f : X → P 1 be an extremal elliptic K3 surface. For a point v ∈ R f , we denote the total fiber of f over v by 
Therefore the condition (Z1) implies that the cohomology classes of the irreducible components of ∆ constitute a subset of a Z-basis of NS X . Hence Z[∆] is primitive in H 2 (X; Z). In particular, π 1 (X \ ∆) is a perfect group by Lemma 4.6. On the other hand, the condition (Z1) implies that there exists a point v 0 ∈ P 1 such that every fiber of the restriction
of f has a reduced irreducible component. Then, by Nori's lemma[13, Lemma 1.
) induces a surjection on the fundamental groups. The inclusion of X \ (∆ ∪ f −1 (v 0 )) into X \ ∆ also induces a surjection on the fundamental groups. We shall show that there exists a small open disk U on P 1 \ {v 0 } such that
Suppose that (Z2 -b) occurs. We can take v 0 from P 1 \{v 1 }, because F 1 has no irreducible components of multiplicity ≥ 2. We choose a small open disk U with the center v 1 . There is a contraction from
is abelian, so is G U . Suppose that (Z2 -c) occurs. By Lemma 2.2, there exists a singular fiber F 2 := f −1 (v 2 ) of type I 1 , II, III or IV. Because F 2 has no irreducible components of multiplicity ≥ 2, we can choose v 0 from P 1 \ {v 2 }. If F 2 is of type I 1 or II, then F 2 ∩ ∆ consists of a nonsingular point of F 2 , and π 1 (F 2 \ (F 2 ∩ ∆)) is abelian. Hence G U is also abelian. If F 2 is of type III or IV, then F 2 ∩ ∆ cannot coincide with the whole fiber F 2 . Hence Lemma 4.8 implies that G U is abelian. Therefore we see that π 1 (X \ ∆) is abelian. Being both perfect and abelian, π 1 (X \ ∆) is trivial. Now we proceed to the proof of Claim 1. We list up all Σ satisfying the condition (N 2) and rank(L(Σ)) = 18. It consists of 297 elements. Among them, 199 elements can be the type Σ f of singular fibers of some extremal elliptic K3 surface f : X → P 1 with MW f = 0. For these configurations, π 1 (X \ ∆) is trivial by Claim 2. The remaining 98 configurations are listed in the second column of Table 1 below. Each of them is a sub-configuration of Γ f satisfying the conditions (Z1) and (Z2), where f : X → P 1 is the extremal elliptic K3 surface with MW f = 0 whose number in Table 2 is given in the third column of Table 1 . The fourth and fifth columns of Table 1 indicate Σ f and eu(Σ f ), respectively. In the case nos. 20, 28, 39, 41 and 85 in Table 1 , we can choose the embedding of ∆ into Γ f in such a way that (Z2 -b) holds. In the case nos. 30, 37, 57 and 63 in Table 1 , we can choose the embedding of ∆ into Γ f in such a way that (Z2 -a) holds. By Claim 2 again, π 1 (X \ ∆) is trivial for these 98 configurations ∆.
Remark 4.10. The graph Γ(A 19 ) (resp. Γ(D 19 )) can be embedded into Γ f in such a way that (Z1) and (Z2) are satisfied, where f : X → P 1 is the extremal elliptic K3 surfaces whose number in Table 2 is 312 (resp. 320). Therefore, if Γ(∆) is embedded in Γ(A 19 ) or Γ(D 19 ), then Γ(∆) can be embedded in Γ f in such a way that (Z1) and (Z2) are satisfied. 
